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The gluon contributions to F
L
(x;Q
2
) in O(
s
) are calculated taking into account the transverse momentum of
the initial state parton. In comparison with collinear factorization, F
L
(x;Q
2
) is not aected at large x but takes
smaller values in the small x range. The onset of the k
?
eect is a function of Q
2
.
1. Introduction
In the small x range a novel behaviour of nucleon
structure functions is expected. Among possible
dynamical eects are those due to non strong k
?
ordering [1] and screening [2]. Their description
requires a generalization the factorization of the
hadronic matrix elements. The k
?
dependence
of the parton distributions can no longer be ne-
glected in the hard scattering cross sections and
K
2
=  k
2
?
dependent parton distributions must
be used [3], i.e.
jMj
2

Z

2
dK
2
^(x;K
2
; 
2
)

@xG(x;K
2
)
@K
2
(1)
instead of the collinear relation
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)
 xG(x;
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): (2)
The present paper aims on nding a consistent
solution of the above problem without any ap-
proximations of the x and k
?
behaviour of the
coecient functions. In this way former investi-
gations [4,5] are extended. We aim on a general
formulation of the gluon contribution to struc-
ture functions which oers the possibility to un-
fold the k
?
dependence of the gluon distribution
at small x. Theoretical predictions of its small x
behaviour can thus be directly compared with the
data and test the k
?
dependence.
2. k
?
Factorization
The K
2
integral in (1) extends to K
2
= 0. How-
ever, a perturbative denition of a gluon distribu-
tion is only possible at suitably large virtualities.
Therefore, we use [6]
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where K
2
max
= Q
2
(1   z)=z. We introduced
a scale Q
0
for which we demand that Q
2
0
<<
Q
2
. (3) is equivalent to (1) up to terms of
O((Q
2
0
=Q
2
)
n
). Note that eq. (3) contains the
gluon distribution G(x;K
2
) only at virtualities
in the perturbative range.
3. F
L
(x; Q
2
) in O(
s
)
For the gluonic contribution to F
L
(x;Q
2
) eq. (3)
the coecient function takes the following form
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In the limit K
2
! 0 one obtains the well{known
result [9]
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4. Numerical Results
Figure 1 shows the logarithmic derivative of the
gluon distribution dxG(x;Q
2
)=d logQ
2
for dier-
ent sets of parton parametrizations in the MS
scheme. The most recent results, CTEQ2M and
MRSA, were determined using the data measured
at HERA, and do practically coincide, while ear-
lier ones show some variation at small x. We will
refer to the CTEQ2 parametrization [8] as an in-
put in the following.
In gure 2 the gluonic contributions to
F
L
(x;Q
2
) using either eq. (6) or (3) are com-
pared. At large x coinciding results are obtained,
but at small x the collinear approach yields larger
values for F
L
. Setting 
2
= Q
2
(1 z)=z, the kine-
matical upper limit of the K
2
integral (3), instead
of 
2
= Q
2
, in (6) leads to a lowering of F
L
(x;Q
2
)
already. Figure 2 shows that with rising Q
2
, the
eect due to nite k
?
emerges at smaller values
of x. As expected, the onset of small x eects is
Q
2
dependent.
The separation scale Q
2
0
required in (3) aects
F
L
(x;Q
2
) very weakly as long as Q
2
 Q
2
0
, which
we assume. This is illustrated in gure 3. The
eect of this choice of scale is comparable to that
of Q
0
2
0
, the starting point of QCD evolution.
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Fig. 1 Logarithmic slope of the gluon momentum
distribution vs x for dierent parton parametriza-
tions [7].
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Fig. 2 Comparison of the gluonic contributions to
F
L
(x;Q
2
) in the collinear case and k
?
factorization.
The steeper lines are at Q
2
= 10
4
GeV
2
, the others
at Q
2
= 20GeV
2
.
In gure 4, the O(
s
) result using k
?
factoriza-
tion is compared with results of a O(
2
s
) calcu-
lation in the collinear approach [10]. The gluon
contribution to F
L
in the collinear approach is
diminished by about 10% by the O(
2
s
) term for
x  10
 4
and Q
2
 O(20GeV
2
). The O(
s
)
value of F
L
using k
?
factorization is somewhat
smaller than the O(
2
s
) value in the collinear ap-
proach. Note that the results are nearly equal in
the range x  10
 4
. The quark contribution to
F
L
in O(
2
s
) [10] amounts to  10% at x  10
 4
.
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Fig. 3 Dependence of F
g
L
(x;Q
2
) on the choice of
the separation scale Q
2
0
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Fig. 4 Comparison of the O(
2
s
) calculation [10] with
the result obtained in the k
?
factorization scheme.
5. Conclusions
A representation of k
?
factorization which is con-
sistent with perturbative QCD has been given.
The gluon contribution to the structure function
F
L
(x;Q
2
) was calculated using k
?
factorization
without using any approximations of the Mellin
convolution or the x dependence of the coecient
functions, unlike some earlier investigations. The
contributions to the structure functions obtained
are positive in the whole x range.
The derived coecient functions approach
those found using mass factorization in the limit
K
2
! 0. The numerical value obtained in k
?
fac-
torization for suitably `large' values of x approach
the result which ignores the k
?
dependence of the
coecient functions. This has been an expecta-
tion in the parton model [3]. There is no xed
onset (e.g. x  10
 2
[5]) of the small x eects
observed. Deviations from the collinear result be-
come smaller with rising Q
2
at constant x. The
eect of the separation scale Q
0
is found to be
subleading.
The k
?
dependence of the coecient function
and gluon distribution results into smaller values
of F
L
in O(
s
) in the small x range. Quite similar
values are obtained for F
L
in O(
2
s
) [10] using
mass factorization.
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